Cryogenic high-resolution X-ray spectrometers are typically operated with thin JR blocking windows to reduce radiative heating of the detector while allowing good x-ray transmission. We have estimated the temperature profile of these IR blocking windows under typical operating conditions. We show that the temperature in the center of the window is raised due to radiation from the higher temperature stages. This can increase the infrared photon flux onto the detector, thereby increasing the JR noise and decreasing the cryostat hold time. The increased window temperature constrains the maximum window size and the number of windows required. We discuss the consequences for JR blocking window design.
INTRODUCTION
Cryogenic x-ray spectrometers, i.e. spectrometers with a detector temperature below 1K, have received much interest over the last decade because of their superior energy resolution compared to conventional semiconductor-based detectors [1, 2] . Several technologies are being developed which have demonstrated an energy resolution between 1 and 2 eV FWHM for soft x-rays [3, 4] and between 4.5 and 13 eV at 6 keV [5] [6] [7] [8] .
One concern in spectroscopy applications with cryogenic detectors is how to efficiently transmit x-rays from an external source onto the detector inside the cryostat while shielding the detector from IR radiation. IR shields reduce the heat load into the low temperature stage of the cryostat and eliminate excess noise due to the absorption of JR photons. Typically, the shields consist of several thin Al JR blocking windows, which are sometimes supported by a parylene or polyimid film and! or a Ni grid for increased stability. The filter design then involves a trade-off between maximizing the x-ray transmission and acceptance angle and minimizing the JR photon flux.
We are presently building a cryogenic spectrometer for synchrotron-based x-ray fluorescence applications. It uses a twostage adiabatic demagnetization refrigerator (ADR) with a base temperature below 0.1 K [9] . The cryogenic detector is held at the end of a cold finger that protrudes into the sample chamber. The distance between the detector and the room temperature fluorescence target is about 2 cm. The cold finger uses radiation shields attached to the cryostat's liquid N and liquid He-cooled stages with JR blocking windows at 77 K, 4.2 K and 0.2 K. The small distance between windows increases the radiative heat load because of an increased solid angle of illumination and multiple photon reflections. This raises the temperature in center of the window above the temperature of the window frame. Here we present calculations to estimate the temperature profile of the windows under typical operating conditions. We show how the JR heat load of the detector depends on the window parameters, and provide guidelines on how to optimize the window design.
MODEL
Consider a circular window with thickness d and radius R, which is heated by radiation from a higher temperature stage and whose temperature at the perimeter is held at the temperature T0 of the metal shield it is mounted to. The window is sufficiently thin so that the temperature is constant along its thickness, and there is no angular dependence of the temperature because of the rotational symmetry of the window. In steady state, the temperature of the JR window then only depends on its radial coordinate r. The temperature distribution is governed by the heat flow equation [10] where K is the thermal conductivity of the window, = 5.61012 WKcm2 is the Stefan-Boltzmann constant, is the emissivity of the window and aeff is the effective absorbance of the window which takes into account multiple photon reflections. Equation (1) describes how heat input from an external source at temperature Text 5 balanced by conductive and radiative cooling of the window. Note that the radiative terms enter as heat sources! sinks per unit volume, so that their explicit dependence on the window area falls out of the equation. The factor of 2 accounts for the fact that the window can emit radiation into both directions, while it is heated only from one side. The second boundary condition arises from symmetry considerations and ensures that the solutions ofthe temperature profile do not diverge at the origin.
We now apply this model to the JR blocking windows used in our experiments. For closely spaced parallel windows, the effective absorbance aeff 5 increased due to multiple photon reflections in the cavity between the windows. Photons impinging on one of the windows have a probability to be absorbed, a probability t to be transmitted and a probability 1-c-t to be reflected. For our highly reflective 200 A Al films, 0.04 and 'r = 0.04 [1 1, 13], and photons can be reflected many times before being absorbed by either one of the windows or the detector. For an average ofN reflections, the effective absorbance in one ofthe windows is given by
(2) =o A lower limit to the absorbance is aeff= for the case N = 0. This case is realized for windows whose spacing D is much larger than the window diameter 2R, which makes multiple reflections unlikely. An upper limit is realized for parallel windows spaced much closer than their diameter. In this case N oo and aeff E/2(E+t). In this limit photons are reflected sufficiently often to distribute their energy evenly between the two windows. For our 200 A Al films, where t, we find aff = 0.25. This means that about 1!4 of the photons is eventually absorbed in each window and 1!4 of the photons is transmitted through each window. The geometry discussed in the remainder of this paper is an intermediate case where the window spacing D is comparable to the window diameter 2R. In this case, many of the photons striking one window will come from significant off-axis angles, and multiple reflections will cause the photons to strike the filter frame after a few reflections. We make the crude approximation of an average number of reflections N 2RJD. The effective absorbance is then given by aeff (1+R!D)E. The value ofthe effective transmission coefficient teff 5 calculated analogously.
We assume that each window is heated by radiation from all higher temperature stages. Then aeffText4 ajTj,ext4 in equation (1) , with the summation index i labeling all higher temperature stages. The contribution to the heat input from each of these stages is weighted by the absorbance a1 = for radiation from the closest stage, by a2 tacif for radiation from the next warmer stage (relevant for the 0.2 K and 4 K window only) and by a3 = 'r'reffaeff for radiation from the outermost stage (here relevant only for heating of the 0.2 K window by room temperature radiation). A more detailed calculation, which would involve a Monte-Carlo ray tracing simulation that includes absorption, transmission and reflection at each surface, is beyond the scope of this paper.
RESULTS AND DISCUSSION
An approximate analytic solution of the temperature profile can be obtained if the T(r)4 term in equation (1) is neglected and ifthe thermal conductivity ofthe window is assumed to be constant. In this case a ffYT (R2-r2)
The first approximation is valid for the low temperature windows at 4.2 K and 0.2 K where radiative cooling is negligible. The second approximation is usually not satisfied, but for a conservative estimate of K K(T0) equation (3) still provides an upper limit to the temperature that can be calculated easily for different window designs and geometries. We will discuss later which constant value ofK to assume for a better estimate ofthe temperature.
In general, the temperature distribution of equation (3) is not valid and the boundary value problem (1) must be solved numerically. We have reduced this problem to a first-order integral-differential equation through multiplication by r and integration over r. The resulting right-hand-side integral is then solved numerically. Starting at a constant shield temperature, the temperature profile of the window is approximated iteratively using a fourth-order Runge-Kutta algorithm until self-consistency is achieved. We have confirmed that the numerical solution agrees with the analytic solution (3) for the case of constant thermal conductance and negligible radiative cooling. Figure 1 shows the temperature profile of the three windows at 77 K, 4.2 K and 0.2 K for a window spacing D 0.5 cmand two different window diameters. We show cases where the higher temperature windows are larger than the low temperature windows as required for optimum solid angle coverage. The dashed line is the result of the analytic solution when radiative cooling is neglected and the thermal conductivity is given by K = K(T0) where T0 is the temperature of the shield. Figure 1 shows that radiation from the higher temperature stages can heat the center of each JR blocking window well above the temperature of the shield it is mounted to. As expected, smaller windows are heated less because a smaller window has a higher thermal conductance than a bigger one with the same conductivity. The deviation of the temperature profile in the simulation from the quadratic form of equation (3) is due to the increased thermal conductivity of the window at higher temperatures according to the Wiedemann-Franz law. Radiative cooling only contributes significantly for large windows on the 77 K stage, and is completely negligible for the low temperature windows. The peak temperature in the center of the window as function of window radius is shown in figure 2 . We find that even a comparably small window with 5 mm diameter on the 0.2 K cold stage will be heated to well above 2 K if only two JR blocking windows on the higher temperature stages are used. Figure 2 provides some guidance which window size to choose to keep the window below a certain temperature. Ultimately, we are interested in the temperature distribution in the window because it determines the radiated power each window emits, which could heat the cold stage and cause excess noise in the detector. In figure 3 we show the total radiated power density from each window. Because of the strong T4 dependence of the Stefan-Boltzmann law, even small increases in the window temperature can increase the radiated power by several orders of magnitude. For windows sufficiently small the radiated power can be reduced considerably. Figure 3 does, however, show that it is not feasible to operate a cryogenic detector with only two closely spaced JR blocking windows, unless they are very small or one is willing to accept the increased JR flux and consequently a decrease in detector resolution and cryostat hold time.
III
In order to understand which radiative source dominates the heating of each window, we can compare the magnitude of the heat input terms in the sum ajTj,ext4. We find that for 200 A Al windows the dominant heat source for all windows and for the detector is the fraction of room temperature radiation transmitted through the higher temperature windows. To verify that the increased temperature of the 77 K window does not significantly affect the temperature profile of the lower stage windows, we have simulated the temperature profile at each window successively, with the exact temperature profile of each outer stage determining the radiative load into the next colder stage. The results of this simulation, including the temperature profile of the 77 K window used, are shown in figure 4 . For comparison we also show the temperature profile of the 4 K stage and the 0.2 K stage windows calculated with the assumption that the window on the liquid N2-cooled stage is held constant at T0 = 77 K (dashed lines). The differences are marginal, certainly within the uncertainty due to the errors in the thermal conductivity of the Al. The increased temperature of the outer windows does not significantly increase the heat load onto the inner windows, which is still dominated by room temperature radiation. There are several ways to further reduce the JR load onto the cold stage and the detector. One is to mount a small tube on the 77 K stage in front of window, thereby reducing the solid angle over which room temperature radiation falls onto the windows. This has proved very effective in our earlier cryostats. However, such a tube defeats the main purpose of a cold finger, which is to bring the cryogenic detector close to the fluorescent sample positioned in an experimental chamber outside the cryostat. Another technique is to tilt the windows by about 10 degrees relative to one another. This reduces the effects of multiple photon reflections, which is, however, not all that strong in our geometry. A good way to absorb photons in the cavity between the windows is to coat the face of the 4. the detector can operate with. One can also add a second thin window on the 77 K or the 4.2 K stage, thereby reducing the radiative heat load into the cold stage by more than an order of magnitude. Measuring the reduction in the noise spectrum of the cryogenic detector can be used to test the effectiveness of these modifications. Experimental determination of the optical and electrical characteristics of the Al film, in particular the residual resistance ratio and the transmissivity, will also allow a better quantification the calculations.
Finally, we provide an empirical formula how to better estimate an effective constant thermal conductance of a window, if only a rough estimate of the temperature profile according to equation (3) is desired. We have fit the temperature profile of equation (3) to the exact temperature profiles from the numerical simulation. An example of such a fit is shown in figure 5a . The solid line is the temperature profile numerically calculated using the full expression in equation (1) for two windows at the 4.2 K stage with different radii. The dashed line is a least square fit to this profile using equation (3) with K as the variable parameter. The constant thermal conductivity of the fit overestimates the exact value in the outer parts of the window, and underestimates it in the center. This is because the actual thermal conductivity of the window assumes its lowest value at the low temperature frame and increases towards the higher temperature center. 
Equation (4) provides a rough estimate of the effective thermal conductance K for an Al window with radius R and a residual resistance ratio of 2 mounted to a shield at temperature T0. It can provide guidance on whether the shielding of a certain set of IR blocking windows is clearly sufficient, clearly insufficient or whether a more detailed numerical calculation is needed.
SUMMARY
We have estimated the temperature profile of JR blocking windows used in cryogenic spectrometers under typical operating conditions. We find that the center of the window can be heated well above the temperature of the shield it is mounted to. Window heating does, however, not increase the radiative load onto the detector significantly for typical geometries. This heat load is usually dominated by the faction of room temperature radiation transmitted through the windows. The dominant cooling mechanism of the window is conductive cooling through the Al coating. We have provided guidelines for an estimate of the temperature profile of an JR blocking window and the resulting radiative heat load. More precise calculations of the temperature profile require experimentally determined values of the optical and electrical characteristics of the window.
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